The Behavior of High-Dimension Vectors

Recall the Markov’s ineq.,for non-negative rv. X ,a > 0:

E(X)

P{X za}< -

(1)

Then the Chernoff-method is.for A > 0:

P{X za}=P{exp(AX) Zexp(Aa) }
=P{exp(AX )Jexp(—Aa) =1}
<E(exp(\X Jexp(~a))

Take min at RHS to get a tight upperbound:

P{X >a} < minexp(—Aa)E(exp(AX)) (2)

1 High-dimension behavior

We claim:

Lemme 1. For {u:}” ~'N(0,2),u= (u,...,un) ER™ g€ (0,1):
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P{|[|ull* 1| Ze} <2exp s ) (3)
which is also called ‘unit-norm lemma’.

Démonstration. Fitst,P{|[|ul?>—1|>e}=P{|u|>Zc+1}+P{|ul><1—c},

Now we put our eyes on P{||u||? =& + 1}.By Chernoff-mothod:

P{llull*>2+1} <minexp(—A(s+1))E(exp(A[[u]?) (4)
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. (*)
Bexp(Au?) is the m.d. f of nu]|? ~ x*(n) = Blexp(Allu ) 2} (255 )

Then (4) becomes:
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By derivative, A=




Notice for another prob.,

P{||u)® <1 —e} =P{exp(—Alu|?) > exp(A(—1+¢))}
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Hence IP{|||u||2—l|>s}<2&xp( ‘”) 0

Remarque 2. Here are the proof of the ineq. we used :
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,2which comes from Padé approximation.

This lemma tells us the high-dimention vectors sampled from a ‘small variance’ are almost distri-
buted around the unit ball

The next lemma tells us the high-dimention vectors are almost orthgonal to each other:

Lemme 3. u,veR"® ui,,v:i»dN(ﬂ )EE({],I):

P((u.0)] >¢) < desp 5 ) )

Démonstration. P({(u,v) =) =IP({u,v) 2 ¢£).By polarization equality,
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—1;>,.e)=IP(— s +l}s) exp(
) Nearly the same way: P({u,v) <¢&) <

One application is U = ()4, je[n]» Vi NJV({], ;1;)“ = U is almost a orthogonal matrix.

Now we solve the JL lemma, intuition is the almost orthogonal matrix is almost isometric.



Lemme 4 For N vector {v1, .. vn} EIR”“ setn> ogN ,sample the vecter forms Q = (;j)ic[n, j€[m]>
gi; ~ N (0, ) e € (0, 1)Thenf0ratleast L prob, z;ﬁg

(1—e)llvi— v [P< [1Qvi — Quyl* < (1 + ) |vs — vy 1. (6)

Démonstration. Easy to show Qu~N(0, )" foru e R™and||u|l;=1.= IP{H Floe—y)
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,which forms the proof. i = | #El)EC0



