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1 Introduction

For the prevailing LLM deepseek R1, it uses Reinforcement Learning(RL) method
to do supervised fine-tuning(SFT). Here is the optimization formula of Deepseek

R1(GRPO):
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After the lecture, I hope you will feel that this formula is not that terrifying.

2 Preliminaries

There are some notation to build the model
Markov reward process((S, P, r,7)) — Markov decision process((S, A, P, r,v)).
E[R:|S¢ = s] = r(s) : reward for getting into the state s.
) deterministic policy : one action each time .
P ]. iy, o = P 44. = i — i . o n . .
oliey ::7(afs) (¢ =alS: =) { stochastic policy : distribution of an action .

In a Markov Reward Process, the sum of discounted rewards from state S;
at time ¢ until the terminal state is called the Return(r.v.). The formula is as
follows(R; . is the reward at time ¢ + k, v € (0,1].):

Gi = Z’Ykﬂurk- (1)

k=0

We use V™ (s) to denote the state-value function for a policy win a Markov
Decision Process (MDP). It is defined as the expected return when starting from
state s and following policy 7. Mathematically, it is expressed as:

V7(s) = Ex[Gi|S: = s]- (2)



The transition matrix P™ for state-action pairs under a stationary policy 7.
Specifically:

sz‘a),(s,",a’) - P(S"‘S,a.)?r(a"|3’r), (3)

Remark 1 It is always important to ask yourself which notation is a number,
and which is a r.v.

3 Build the model

Define the optimal function of the parameter 6:

J(B) = Eg,[V™(Sp)](Start from arbitrary state)
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Z,Ttv‘w Zf}( V(s ] (For the unified form)
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Z’y (YV™(s441) =V "'(st))] (Absolutely convergence)

Based on the above equations, we can derive the difference between the objective
functions of the old and new policies:

J@)—-J@O) = E [VW"'(%)] — E;, [V™ (s0)]

= Eg, Z'}r r(s¢, at)

+ By,

Z’Y (YW (st41) — ))]

t=0

= E:rre* Zr} 5‘t af +aV g(gt-i-l) Vﬂe('st)]]

| £=0

= E,, Z VAT (s8¢, ai)

| t=0

= Z’}{tEStNP:Q’EGLN?TQJ('|S:)[A?Te (.st,a_t)]

t=0
i

= T By o Banmy (1) [A™ (5 ).

Set A™¢ (s, at) = r(se,ar) + YV (sp401) — V7™ (s¢).(In RL, it is Time Difference)
The second-to-last equation:Rewrite the s; sampling from a distribution determ-
ined by g/ .
And this actually is ZESrNP:fs“ (s) £ > st Pi(si|st—1,ar—1)me«(as|se).
) : St ES
The last equality uses the definition of discounted state visitation dis-
tribution :

V™ (s) ZW% (s). (4)

t=0



E, _y= : Average overstates s, weighted by how often s isvisited under .
Eonmy(:|s) : Average over actions sampled from 7y instate s.
If the propose is J (6')—J(0) > 0, it is to make Ey. ymo Eqer,, (.s)[A™ (5, 0)] =
0.

3.1 Is it solvable?

However, directly solving this equation is very difficult because my.is the policy
we need to solve for, but we also need to use it to collect samples.
Do s ~ V™ — s ~ V" approximately get:
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Then the optimization problem is:
mgﬁleg(Q’)
s.t.Esyme [Dxr(me(|s), me: (+|s))] < 8.(Trust region).

Remark 2 Under the “Bregman Divergence” sense, the relationship between
negative Shannon Entropy and KL-Divergence is just like norm and metric.
Bregman Divergence is defined as:

By(z,y) = () —p(y)— < Vo(y),z —y >. (5)

Question 1 Why not Dgy,(me (+|s), mg(+|s))?

4  Solve the model: TRPO

We use Talor’ s expansion to approximate the expected advantage under the new policy :
J(@) — J(6) =~ g7 (0 —0)
v [Dic.(mo (1), 7 (1)) = 5 (8 — 0T H((®' — ),
where g 2 Vo Ey oy Eqro(.(s) [%‘%}A”(s, a)| , H 2 Hy [Eqyme [Dxcr.(ma(-|5), 7o (-|8))] -
Question 2 Check whether if H is a positive-defined matrix.

Then the optimization problem can be approximately expressed:

Oyt = argéflaX(gT (6" — ) (6)

S.té(@" —TH@ —-9) <6



Remark 3 The maximum of hyperplane on the elliptic region can always ex-
pect to have solution.

By KKT-condition:
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= gl
e (7)

Ort1 = Or +

4.1 Numerical improvement:Conjugate Gradient method

Solving H !gisexpensive.Setz = H g :

20
rTHax

Hk+1 = Gk + x (8)
Then the problem reduces to solve Hx = g.

Solve zs.t. Hx = g < minzz” Hr—gz. Set p(x) 2
xr

szl Hx—gx,since Vp(z) =
Hzxr — g, wecansolve :
ming(x — aVp(z)) 9)

to get the best step based on the information now . But the flaw is too focus on the local information .
This is the so called Steepest gradient descent.
For CGset ro = pp = —Vp(xg) = b — Axg, o = argming(zy + api), Try1 =

(88
Tk + OkPk,
{ Br+1 = argming(Tgy 1 + apr1(Tee1 + Bok))
rrr1 = re—arA(xr1—xy), if not converge: B
Pr+1 = Trt1 + Br41Dk-
it updates like:

Algorithm Conjugate Gradient Algorithm

Input: Symmetric positivedefinited matrix H, vector ¢, initial point zg,
tolerance e;
Initialize ro = g — Hxg, pg = ro, o = 0;

1. Repeat
(a) For k=0 to N do

i. Compute step size:

ii. Update solution:

Tit1 = Tk + QOkPk;
iii. Update residual:

Tk+1 = Tk — o Hpy;



iv. If rgH'r’kH < €, exit loop;

v. Compute conjugate direction:

T 3
8, = Tet1Tk+1
HE — G

vi. Update search direction:
Pr+1 = Trt1 + Brpr;
2. Until convergence;

Output: Solution vector x.

Figure 1: Steepest Descent Method(green) and CG Method(red)

4.2 Linear search

Since the solving process bases on linear approximation, here we need to make
sure the newly update parameter is better. To make the step more precise, the
TRPO updates the formula to get 0.1 tobe :

Ory1 = Ox + o z,a' € (0,1),i € N. (10)

T Hax

1 is the smallest non — negative number $.t.J (051) = J(6k).
Algorithm: Policy Optimization with Value Network

1. Initialize:

e Policy network parameters: 6

e Value network parameters: w

2. For episode e =1 to E do:



(a) Sample trajectory using current policy 7g:

{Sl_-ﬂria?"lfszqfﬂza?“z-. . }
(b) Estimate advantages A(s;, a;) for each state-action pair using the
value network.
(c) Compute gradient g of the policy objective function.

(d) Compute x+ = H1g using conjugate gradient method, where H is
the Hessian matrix.

(e) Perform line search to find a step size o' that improves the policy
while satisfying the KL divergence constraint:

Y
9};-4—1 =0 +a m:r

where i € {1,2,..., K} is the smallest integer that satisfies the con-
straints.

(f) Update value network parameters using the same method as in
Actor-Critic algorithms.

3. End For

5 Improvement:PPO

If do not use the linear approximation, we still have ways to solve the initial
optimization problem:

llb;}ng(H’) (11)

8.t.Egyms [Dir.(ma(+|s), me: (+|s))] < 8.(Trust region).

5.1 PPO-Penalty:

gla|s |
Or+1 = argmaxk, 7o, Eanro, (1) Zolals) ym (s,@) — BDk1.(me, (:|s), mo(:]s))

Ta,, ((L|"-") (12)

Set dy. = Dl‘é?k (7o, , e ), B has the updated rule :
1.1fd;, < lig) = ﬁk-f-l = %
2.1{d, > 1.58 = 5!;—4—1 - 2/5;;_
3. Else ﬁk—l—l = ﬁk.

Remark 4 Purely empirically.



5.2 PPO-Clip:
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ma, (als)’
(13)

where clip(z;1,7) £ max{min{x,r},1},i.e. restricts z in[l, r].

Question 3 Can Clip method totally replaces the Penalty method?

One result for Question 3 is PPO-Clip gives out a rigorious restrict, while PPO-
Penalty only gives out a quite wide region, so numerically Clip is sometimes
better than Penalty but Penalty has more tolerance.

6 Experiment

Here is the result from the author Zhang Weinan:
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Figure 2: Experiment result from the video of Professor Zhang Weinan

7 Epilogue

With the numerical and theoretical foundations established earlier, I believe it
is now much easier to understand what GRPO has achieved. However, this is
not the end of the algorithm’s journey-—it is merely the beginning. As more
talented individuals with strong mathematical backgrounds delve into the fields
of Reinforcement Learning and Large Language Models (LLMs), the clearer
our understanding of this world will become. Together, we can unlock new
possibilities and push the boundaries of what these technologies can achieve.
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