
Set J(x) :=
R
0

T
L(t; x; x_)dt: Since x+��=x when t=0; T) �(0)= �(T )= 0.

J(x+��)=
Z
0

T

L(t; x+��; x_ +��_)dt

=
Z
0

T

L(t; x; x_) +
�Z

0

T @L

@x
�+ @L

@x_
�_
�
��dt+ o(�2)

(integration by part)=
Z
0

T

L(t; x; x_)dt+
Z
0

T
 
@L

@x
�¡

d
@L

@x_

dt
�

!
�dt+ @L

@x_
��j0T+o(�2)

(Since �(0)= �(T )= 0)= J(x)+
Z
0

T
 
@L

@x
¡
d
@L

@x_

dt

!
��dt+ o(�2):

So

DJ(x)[a�] =
Z
0

T
 
@L

@x
¡
d
@L

@x_

dt

!
��dt=

rep

*
@L

@x
¡
d
@L

@x_

dt
; a�

+
: (1)

We can choose �<0 when @L

@x
¡ d

@L

@x_

dt <0, so the positive property for inner product is still maintained.

And for bilinear and symmetric properties are trivial.

Therefore, �J = @L

@x
¡ d

@L

@x_

dt :

F =mx�=¡@U

@x
;K = 1

2
mx_2:L=U ¡K;

@L

@x
= @U

@x
;
d
�
@L

@x_

�
dt = dmx_

dt =mx�) @L

@x
=

d
�
@L

@x_

�
dt :

1


